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1. Introduction

The sum over histories representation for the transition
amplitude (or propagator) occurs in Tobocman's approach [5] to
quantum mechanics. This approach is based on the canonical formalism
of quantum mechanics and represents a generalization of the Feynman
path-integral method [4]) . A related canonical treatment has also
been given by Davies [ 3] .'

The difficulty with these functional integral methods is the
actual evaluation of the expression for the sum over histories.
Cases which have been explicitly evaluated are those corresponding
to the free Schrgdinger particle and the harmonic oscillator [2] ,
to the Dirac field {5J, and to classical wave motion [ 1) . One
of these cases, the Dirac field, involved non-commuting operators
in the exponent, and the evaluation of the transition amplitude
was accomplished by means of a Hilbert hyperspace approach {51 .
Essentially the same operators occur in the transition amplitude
for a free Dirac particle, but this case can be treated by a

different method based on unitary transformations in Hilbert space.

2. The transition amplitude

Consider a physical system with position coordinate th) and
canonical momentum p(t) . For the sake of simplicity we restrict
ourselves to a system with one degree of freedom. The generalization
to a system with n degrees of freedom can readily be made. ILet
F{GO{P) be the Hamiltonian for the system. Then the transition
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amplitude f?(@ﬂt';q/t’) connecting states at times t and ¢



may be written [5]]

G(4't54°E) = bim Gt 4,10, ¢b

n>o

where

G(q, ta: o) = s 2
T(tatns g, t) = [ % Hy, 4
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Here, the time interval (t;t") has been

number of parts

=t <t, <ty < . ¢

and % = 4 (tr), Pr=pl(Tr) with b,

Equations (1) and (2) give the transition

of a sum over histories. These histories
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divided into a large

tn= (3)

(4)

amplitude in the form

correspond to classical

trajectories in that the coordinate and momentum are specified at

each instant. However, these are not true classical trajectories

since there is no relationship between velocity and momentum.
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We may write the transition amplitude in terms of functional

integrals as

>

GWE YY) = [s) [o(PD) ppis,, 5)
with

t”
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In (6), the subscripts 9,4, denote any history of the system
specified by two arbitrary functions of time Q%t) and P(t) 3%

subject to the restrictions
yE) =4, W) = 4", )

Thus 5%%/ is the action (or, to be precise, Hamilton's principal
function) for a history P4y - In (5), the integrations, by their
definition in (2), mean a sum over all paths :in momentum space
as well as in coordinate space, with p unrestricted and ¢, '
subject to ;he conditions of quation (7).

fobéémaﬁ.ESj hés sﬁownlﬁhat ﬁhe expression (2) reduces to
the Feynman functional integralin the case when the Hamiltonian
i{s classical in form and éuantization is carried out in terms of

commutators rather than anti-commutators.



(,...3.  Dirac particle

Consider a particle of mass /y moving with one degree of

freedom according to the Dirac equation

Hy = v ¥

ot - ®
with

H =-pm-xp o L ®

where . & and /3 la;é the Dif;c matrices which sét#sfy thelyelgtions
op +p = O, «= I, p*=1, (10)
where I is the unit matrix. The action SEV; fqr Fh#f syqtem

“'mdy then be written as
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where
n n R S
m%rZ:,Pr(tr-tr.,), bz mZ (b )= mtty), O
Hence
W = op {22 plapa) gk + aia)

= &)‘P {L% Pr(q/Fq/r.;))- 9XP{L/&0'+ L'D(ﬂa} 3 3

where we have used the fact that the first term commutes with the

second and third terms.
Now in order to evaluate the functional integral (5) exactly,

we wust be able to write the second exponential factor in (13) as

.a product of exponentials. From the operator identity given in

.
.

equation (A8) of the Appendix we see that this cannot be done
for (13) as it stands.

To get round this difficulty we shall transform the problem

into a unitarily equivalent problem,

4, Unitary transformation

let K be an Hermitian operator and consider the unitary

transformation defined by

[ _‘ 1K -1K : 7 2
G = ¢ §ge (14)



Then it follows that the transition amplitude for the transformed

problem is given by

lron wog _ E el
64'tq't) = fﬁ(q/(b))fd(l’zL”)) xp 1Sy, | (15)
whete‘
‘%f L { pég, - H /“I/,‘P)d/t} > (16)
with
1K ~-UK
H'= e He™ an

Bquatibns (15)'ahd (16) provide an alternative to (5) and (6)

for the evaluation of transition amplitudes.
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5. Transition amplitude for Dirac particle..

For the Dirac particle withHamilto’nian oH o= ‘ﬁ”"f'xp

we choose

tu

K= kg, | (18)

'

where k. is some number to be determined later. Th;n




W= e He "
k -tk
- e /’(-pw- “p) e "
= ~fm -xp@IZk tLKE psm 2k, (19)

since «f+pu =0 and IB‘: T . The corresponding action is

given by (16)

Sy = 2 [ i) Ferlt t) Fop br.) e 2k
1@ pr(tr te) “""Zk}'

This may be written as

S = Z (U0 Fpmdtet) FHB OGN,

~1%8 pr (A7 M) bmn‘"} »  (20)

whet; we have put:
k= A2, twd = X, @

and where Ar is the quantity defined in equation (12), 1t

follows that

re

. Si=Z p,'(q,;q,,,’,)'f./gﬁ- e -uxg clan b, (22)



where

C= Z pr(M ), (23)

~ and 80.

Sy, = P P2 P Wi} emp (Ll ine +ae bam ) (B

" . Using the operator identity given in equation (A8) we then have

”p v'SP’,,, = exp {1+ ZPrlgzq,,)) wnp Lophr} - axpfaiu 2Ure trec2 b}
- . " ‘ I.Fr (q,r‘ Q/r_,) '
W{L/Sb-) r‘[’: [6 zICOJ(Pr (N he) 21(/'60]!624‘)

+ 16 o (pr(}\,~ Ae-d) urwmz,(,.)}-] ,(25)

The summation over p-histories is now obtained from
P_Lt.) et - 1
IJ( ZI)%PLS"/ f_lg;/ élzfz .. %:-n yyptqu/

L,'B/r n
e

r-lI -.L é?- [5(14“) exp {L‘Pr (q/;@,.,""‘(tr.tr-.)ab'wucﬁ')}

Yo (I-o) eap {upr (4744 - [t b)) ,lrcoueo/(r‘)j




= o T ]50ta) 8454, 4 (b te,) damec k)

r=

L'/ﬂr n

+5 (L-«) 0(4-4,. - (t-tr,) /(rwuc,(r)} , (26)

where we have used
[w‘tl”"f“f"b = 2rd(q) . (27)

The summation over histories is completed by integrating (26) over

Y "‘q/z. > ‘- -~ >%,., » 8o that
6'(7,%»34/%/) - fé‘(q/(t))fJ(Plft)) %Fw’;/
= [, . [, P

xT {5 (T42) 6(%5 U * (b br) dreasec &)

+5 (I-oé)lé‘(q/;f/,_,‘- (cr—t,.,)/rmjr)} :

iPerforming the integration over €G we get
Ld‘l/, { 5 (I4) 854, # (b bo) Artmec ) +5 (T-4) J(@,—’é,-v(“t’,-to ))}c;iéoxr)}

o {8(406) (424, + (b~ ) b Goaec ) +4 (Ix) o‘(q,;@—/e;t,)/rwmlr)}

=% ( Iu)za(q,;q,; (tts) breosech) + 4 (I« )”é‘(ft;q,o-(c; t) freeoeckr) (28)



since
(I+«)(T-x) =0, (29)
and
[:%5(@“")5(”'@) = é‘(v-+vw-) , (30)
The fntegrals over G s s -3 §,., can be evaluated in the

same way and we obtain

I( B gt l/&b- n "o .u
64'tg't) = e [ L (1) 8 g +(t ) baneol)

+ é_n (l'-o()“é“ (%l-’-il'— (t" t’)/(fmoi))’ )

(3D)
Using the relations
(Tte) = Zn-,(I'-’oc), (32)
and the inverse transformation
G = e NGk (33)

where




K = 34, (34)

we have finally

wen e Lfb%z
Glg't54't") = e J4 (I 0(4™4/+ [t ') bremecdr)
] " ./b./

+5(I-)6 (44~ (¢* t')/é-wua«&)} J’i | ‘

o - - (35)
with A= m(t-¢'),

This completes the determination of the transition amplitude

for a free Dirac particle.
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APPENDIX

1. The operator expA oxp B.

The operator identity
WA-!/A{JB = '%p(l\'!-B) ST (A1)

1s valid when the opef‘atofs A and B commute. We wish to derive

the corresponding result when A and B do not commute. To do

* . this.we define

Ax Bx
IHI‘) = e . e (A2)

where X. is a real variable. Then

AX B
E(_f =Ae.e,t+ eﬁxbbb‘x,
dx

(A+ "B e™) 5

Integration then gives
(Ax). exp(Bx) = x AN <AL |
xp p = exp{ [ (A+ e Be )} . (A3)
For X=/ it follows that

_ /
upA- expB = exp {fo{A+ chBe,”M)aLx} > (A%)




which is the required generalization of the identity (Al).

2, Case AB + BA =0,

When the operators A and B anti-commute, that is AB + BA = 0 ,

the identity (A4) assumes a simpler form, since in that case

A _Ax 2AN
e Be = e B , (A5)
fl 2AN | .1, 2A
o & B = (@AY (7-1)B. (46)
Hencé when AB + BA =0 ‘(A4) becomes J
oA B = exp A+ (28 (¢*-1) B) - (A7)

We now apply (A7) to the case when
A= B, and B = X 24C Corec 24,

where b and ¢ are constants and & and‘ﬁ are the Dirac

matrices. It can then be readily shown that

P (Uph)- exp (1 2hC couc2b) = mp(ifsl + i +op Clamdr).  (A8)
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